Abstract. There are several possible applications of quantum electrodynamics in dielectric media which require a quantum description for the electromagnetic field interacting with matter fields. The associated quantum models can refer to macroscopic electromagnetic fields or, in alternative, to mesoscopic fields (polarization fields) describing an effective interaction between electromagnetic field and matter fields. We adopt the latter approach, and focus on the Hopfield model for the electromagnetic field in a dielectric dispersive medium in a framework in which space-time dependent mesoscopic parameters occur, like susceptibility, matter resonance frequency, and also coupling between electromagnetic field and polarization field. Our most direct goal is to describe in a phenomenological way a space-time varying dielectric perturbation induced by means of the Kerr effect in nonlinear dielectric media. This extension of the model is implemented by means of a Lorentz-invariant Lagrangian which, for constant microscopic parameters, and in the rest frame, coincides with the standard one. Moreover, we deduce a covariant scalar product and provide a covariant quantization scheme which keeps into account the constraints implicit in the model. Examples of viable applications are indicated.
Introduction
A longstanding field of investigation for quantum field theory is represented by pair creation in external fields or by moving boundaries. We limit ourselves to quote a couple of seminal explorations at the birth of modern quantum field theory [1, 2] . We are mainly interested in photon pair creation associated with variations of the dielectric constant in a dielectric medium, which has been a subject of important investigations, as e.g. a series of papers by Schwinger concerning a possible relation between dynamical Casimir effect (DCE) and sonoluminescence [3] . In this paper, instead of quantizing phenomenologically the electromagnetic field in presence of a dielectric medium (see e.g. [4] ), we delve into a less phenomenological situation in which dielectric properties are modeled as in the Hopfield model: the electromagnetic field interacts with a set of oscillators reproducing sources for dispersive properties of the electromagnetic field in matter [5, 6, 7, 8] . We refer to a more general situation where electric susceptibility, resonance frequencies of the electromagnetic field and also the coupling between electromagnetic field and oscillators (the latter ones can be identified with the mesoscopic polarization fields) depend on space-time variables. In this respect, we can refer our approach to other models which generalize the Hopfield model, see [9, 10, 11] , but without taking into account absorption in our one. The latter assumption is reasonable as far as emission phenomena we are interested in are not too near the absorption region, and the focus is pair-creation. Any framework including absorption would imply a much more tricky approach (cf. e.g. [9, 10, 11] ).
In order to corroborate the physical interest of our model and its covariant quantization, we recall that, by means of the Kerr effect, it is possible to induce dielectric perturbations which propagate in the dielectric medium. These perturbations represent inhomogeneities which arise as a consequence of intense laser pulse propagating in a dielectric medium (see e.g. [12] ). As a result of microscopic interactions, involved in non-linear electrodynamics, a mean motion of a dielectric perturbation with a different refractive index occurs. Instead of attempting immediately a first principle study on this subject, i.e. instead of working out a microscopic model for this case, we begin considering a semi-phenomenological approach, in which we adopt a Lagrangian model which would be 'first principlebased' apart for the appearance in the Lagrangian of a (phenomenological) contribution to the refractive index arising from the Kerr effect. Interesting results can be still deduced from this framework, as well as a well-defined route for quantizing the model. Our aim is to get a model which allows to deal with sufficiently general situations of interest, as e.g. the ones created by means of the Kerr effect: traveling dielectric perturbations moving with different laws of motions should be allowed. For example, a uniformly moving perturbation (which is characteristic of the Kerr effect), but also an accelerating one and even a rotating one, each of which represents a very interesting benchmark for photon pair creation in external fields (or under changing external conditions). For situations covering the uniformly moving case, its relation with analogue gravity framework and for experimental measure of Hawking radiation, see e.g. [13, 14, 15, 16, 17, 18, 19] . Thus our approach allows as well the cases where a different space-time evolution is taken into account. As a consequence of microscopic interactions, modified electric susceptibility, proper frequency and coupling constant between electric field and polarization are postulated to occur, which are meant to reproduce a suitable behaviour of the refractive index perturbation. In the actual construction of the model, we can refer to the aforementioned traveling perturbations, but, in order to be even much more general, we can allow a generic behavior for the susceptibility χ(t, x, y, z), which is a scalar function of the space-time coordinates. Moreover, we allow an analogous nature also for ω 0 (t, x, y, z), the latter being the proper frequency of the matter oscillators. As e.g. in [9, 10, 11] , we generalize the coupling between electric field and polarization field(s), in our case by introducing a scalar function g(t, x, y, z) which plays the role of coupling.
The only reasonable constraint we impose are that asymptotically in time χ, ω, g are constant, for obtaining well-defined particle states IN and OUT. Moreover, we can allow couplings with N oscillators, in such a way that we can manage with N different susceptibilities, resonances and couplings. There are two further features of our model which are very important: relativistic covariance and a proper quantization. Covariance is fundamental for gettting rid of any ambiguity in actual calculations, and in order to respect a fundamental requirement for a physical model. We stress that these are per sè interesting contributions to the microscopicallygrounded works on the subject of electromagnetic field in dielectric media, because covariance and constrained quantization coexist and are coherently discussed. Covariance, as is known, and is confirmed since the original work by Minkowski [20] and e.g. by [21, 22] , is not simply a speculative exercise in the picture at hand, but allows to get the correct behavior of physical quantities when changing from a inertial observer to another one. An important example is represented by a uniformly travelling perturbation v =const moving along the x-direction, where we can use covariance for passing to the comoving frame, where the theory is static, and where physical interpretation of the scattering process is much more perspicuous [23] . It is also worth mentioning a longstanding series of studies concerning electrodynamics of moving media, where covariance of the formalism plays a key-role. We limit ourselves to quote some seminal papers [24, 25, 26, 27] , where phenomenological electrodynamics is adopted (ref. [27] is explicitly devoted to the dispersive case). In particular, [24] and [26] are also important references for the dielectric models in analogue gravity [28] . See also [29] , where a covariant model for moving (homogeneous) dispersive dielectric media is studied and quantized in the Coulomb gauge. As to quantization, we can provide a scheme of constrained quantization where all subtleties of the theory are taken into account (see e.g. [30, 31] ), and still covariance plays an important role for obtaining consistent quantization rules which would not be so clearly stated otherwise. As far as dispersive effects are not involving magnetic properties of the material, we can also consider that our model, for constant dielectric susceptibility, represents an improvement of the phenomenological model studied in [32] . It is worth mentioning that a very general and interesting picture is provided in [11] , where the susceptibility is a tensor field depending on space and time. Absorption is also included by means of a bath of oscillators whose interactions with the electromagnetic field originate dissipative effects. Still, as a novelty with respect to the aforementioned picture, we develop a formalism leaving room for covariance and also quantization in a covariant gauge, which are not treated therein.
A covariant form for the Hopfield model
In the following, we take into consideration the electromagnetic field Lagrangian which is apt for a dispersive lossless dielectric medium, as in Hopfield model [5, 6, 7] . A further field, representing material polarization, is introduced and coupled to the free electromagnetic field as follows:
As an example, a traveling perturbation is described by introducing χ(x−vt, y, z), ω 0 (x−vt, y, z), g(x−vt, y, z).
Only a first-principle introduction of the Kerr effect, like e.g. the one obtained by introducing a fourth power of P would require substantial modifications (because of the non-linear term), but we do not pursue this problem herein.
In order to pursue a more standard calculation for inferring particle creation, we introduce a full covariant 4D version of the Hopfield model: this would make easier to find out an inner product with respect to which one could calculate the Bogoliubov coefficients in order to check if particle creation occurs in the standard way. The problem consists, of course, in finding a covariant form for the polarization part of the Hopfield Lagrangian. This is not a so trivial task. The main problem is represented by the kinetic part of the polarization field Lagrangian; with this aim, let us introduce v µ as the 4-velocity of the bulk dielectric medium (we mean the velocity of the dielectric sample, not the one of the dielectric perturbation). Then, the covariant lagrangian density is:
The latter model appears to be the principal candidate in our consideration, because it provides a field equation for P µ which, for constant χ, gives rise e.g. in the eikonal approximation to the correct covariant dispersion relation.
There is also the following condition to be implemented:
which is required at the level of the classical theory for the polarization vector, see e.g. [22, 33] . We assume this condition too. Still, it is worth mentioning that this condition is the correct one for our harmonic oscillator field P coupled to the electromagnetic field, regardless of its specific nature of polarization field.
As to the field equations, we get ∂ µ (E µ + 4πP µ ) = 0, where E µ := v ν F νµ . This is just the Gauss law for the electric induction field
µ . This is the right condition to identify P µ as a polarization field and is required by compatibility among the transversality condition and the equations of motion. It is also useful to define the induction
Conserved scalar product for the model
We can now determine the conserved scalar product associated to the covariant Hopfield model. The first step in order to determine the scalar product is to complexify the fields. The complexified lagrangian density becomes:
A symmetry of (3) is
, where φ is a constant phase. The associated conserved quantity can be computed by means of the usual Noether method. The computation is immediate and gives the conserved current:
Indeed, a direct computation shows that on the solutions of the equations of motion J µ satisfies ∂ µ J µ = 0. Thus, the standard argument shows that on any spacelike slice Σ t the quantity Q := Σt J 0 d 3 x does not depend from t. This defines a conserved (Hermitian) quadratic form Q on the pairs (A µ , P µ ):
This gives the conserved scalar product by means of the usual polarization formula. Then we obtain the conserved scalar product:
This scalar product is very important in relation to the quantization of the model. Indeed, it allows to define positive and negative norm states for the solutions of the field equations, i.e. it allows to define in a proper way particles and antiparticles respectively. A proper quantization for the model is discussed in the following section. For example, if χ(t, x) = χ 0 , ω 0 (t, x) = ω 0 , g(t, x) = 1 and we work in the lab frame, the scalar product among plane waves (with on shell momenta)
and
where
Quantization of the covariant model
The introduction of the condition (2) amounts to a constraint to be imposed on the system. This affects also the quantization of the covariant Hopfield model, in the sense that the covariant form of the Heisenberg commutation relations has to be consistent with the constraints of the theory.
As to the electromagnetic part of the Lagrangian, the procedure we follow slightly departs from what could be considered as standard, e.g. the usual quantization under covariant gauge conditions like the Lorentz gauge ∂ µ A µ = 0, and where a Gupta-Bleuler formalism (see e.g. [34] ) can be adopted in order to get rid of spurious degrees of freedom, leaving only transverse (physical) ones. Instead, we follow the Dirac approach in which all first-class constraints which are associated with the gauge freedom are first reduced to second-class ones by means of suitable explicit gauge-fixing terms in the Lagrange formalism, and then quantized. Constraints are then implemented operatorially, rather than in a weak sense (as in the Gupta-Bleuler approach). See e.g. [30, 31, 35, 36] . In order to perform a complete quantization of the full Hopfield covariant model, in a covariant gauge, we have to take into account both the electromagnetic part and the polarization part of the Lagrangian. Both these parts require a suitable implementation of the constraints. We can add the constraints to the covariant Lagrangian, thus obtaining:
where B plays the usual role of auxiliary hermitian scalar field, also known as B-field [37, 30] , and ξ is a constant which is useful for reproducing various gauge conditions (the so-called R ξ -gauges). We obtain:
∂L c ∂∂ t λ = : π λ = 0.
As to the classical Hamiltonian density, according to the standard procedure we have:
By adding a study of the Poisson brackets of the original constraints with the Hamiltonian we can find the following constraints:
We have taken into account that all functions of the constraints giving rise to the same submanifold Γ i = 0, i = 1, 2, 3, 4, 5, 6 are to be considered equivalent, and this allows us to get the former simplified expressions for Γ 4 , Γ 5 . See also [31, 30] . Γ 1 , Γ 2 , Γ 6 represent primary second-class constraints of the theory, and they appear explicitly in the expression of our constrained Hamiltonian defined above. We can define the matrix {C ij } whose entries are C ij := {Γ i , Γ j }, where {, } stay for the Poisson brackets. In particular, restoring the dependence on spacetime variables (time is fixed), with x = (t, x), we get the following non-zero entries:
. Let us explicit the Dirac brackets as provided from the theory of constrained systems:
We recall that, in a less synthetic form, in the previous formula one has to take into account that, by introducing collective symbols for phasespace variables
ij (u, w){Γ j (t, w), B};(24) a summation convention on repeated indices is understood. One can also determine the Lagrange multipliers z i that appear for primary second-class constraints Γ (2) i (the index (2) indicates the secondclass nature of the constraint) in the constrained Hamiltonian (see e.g. [35] ):
In our case, we get y = {Γ 2 , H}, z = −{Γ 1 , H}, u = −{Γ 5 , H}. It is now easy to show that the following Dirac brackets hold true:
which represent the basic ingredients for the quantization. Indeed, according to Dirac quantization scheme, we have to impose on quantum operators:
Moreover, constraints Γ i = 0, i = 1, . . . , 6, are implemented as operators (cf. [30] , in particular p. 132):
It is interesting to note that, according to (34) , (35), λ and its conjugate variable Π λ are 'expelled' by constrained quantization, in the sense that they are reduced both to the zero operator. We can provide the following interpretation. As a matter of facts, condition (2) is a consequence of the antisymmetric character of the induction tensor G µν defined at the end of sec. 2. Indeed, we easily get v ν D ν = v ν v µ G µν = 0, which, being D µ := E µ + 4πP µ , and being v µ E µ := v µ v ν F νµ = 0, necessarily implies also v µ P µ = 0. This condition is then preserved by quantization. This fact corroborates the previous results concerning the quantization of the model.
Scalar product and constraints
We notice that we have introduced in our setting constraints even in the Lagrangian approach. As a consequence, we have to take into account how the scalar product (6) is modified because of the constraints. After complexification of the constrained Lagrangian L c , we find that it appears only a further term in the scalar product:
Notice that, assuming the same fields as in (9), we still obtain the same result. It is also important to point out that the former scalar product can be found as follows. We introduce the phase-space vectors ({X l }, {Π l }) by using the symplectic form:
where 1 10×10 stays for the identity matrix 10 × 10. Then we can define the following scalar product:
where · stays for the usual Euclidean scalar product. Then, by taking into account the definitions forΠ l one gets the same result as in (36) . This is the extension to a covariant quantization scheme and to 4D of the 2D results in [18] .
A more general setting
In concluding this section, we point out that the above model can be easily extended to the case of N > 1 material harmonic oscillators coupled with the electromagnetic field. The simple substitutions
, lead to the desired form of the Lagrangian:
At the level of the constraints, in place of Γ 3 , Γ 4 we get 2N constraints Γ 3(k) , Γ 4(k) , and, analogously, 2N
5. Example: model with a v =const traveling dielectric perturbation
Let us consider the case where the dielectric perturbation induced by means of the Kerr effect is traveling with constant velocity v in the lab frame. We can also assume that dependence on transverse coordinates y, z is absent (which means that our dielectric perturbation is actually modelized as a dielectric slab infinitely extended in transverse directions). The relevance of a covariant approach is easily appreciated by taking into account that, in the reference frame comoving with the perturbation, one gets a static dependence of the parameters χ, ω 0 , g on x ′ /γ, where
represent the Lorentz boost connecting lab and comoving frame. As a consequence of this, it is easily understood that energy is conserved in the comoving frame, i.e. it is possible to perform a variable separation involving the time coordinate in such a way that the energy ω ′ in the comoving frame is conserved. This result is very important and helpful in interpreting scattering in presence of the perturbation, and amply corroborates the relevance of a covariant approach and a consistent quantization. In particular, it is possible to quantize the system and to find out a scattering basis for the quantum fields in a straightforward way, without any problem arising because of a possible time-dependence of the perturbation. Moreover, covariance, together with a correct quantization, allows to find out a conserved inner product whose associated norm is fundamental in defining particles and antiparticles for the given model. Note that the norm sign is independent on the frame chosen, and then is an invariant concept (at it should be). A further paper is dedicated to results and analysis about this specific model, with special reference to the question of analogous Hawking radiation in dielectric media [23] . We limit ourselves to point out that, as far as the full model with the uniformly travelling perturbation is concerned, in the lab frame one can still implement quantization by means of standard canonical commutation relations. Indeed, the electromagnetic part can be quantized in the Coulomb gauge, without any change with respect to the standard strategy (se e.g. [5] , or even [9, 10] for a more involved model). The polarization field part does not require a particular care in the definition of the variable conjugate to P, which is obtained by standard tools of Lagrangian formalism. One is lead to the following equal time commutation relations:
It can be easily shown that the conjugate momentum 1 χω 2 0 ∂ t P i leads to correct Hamiltonian equations for the polarization field. We stress again that, in the lab, the presence of the travelling perturbation induces an explicit dependence on t of the total Hamiltonian of the model. This implies that energy is not conserved in this frame, still one can expect that some sort of conservation occurs (cf. e.g. what happens in the case of the generalized ManleyRowe identities [23] ). This makes the quantization in the lab less clear and more problematic than the one in the comoving frame.
6. Asymptotic behavior of solutions in the comoving frame for v =const The Hamiltonian (16) allows variables separation for the solutions. Defining:
we obtain a second order system of ordinary differential equations for the variables a µ (x), p µ (x), b(x) and l(x). Since the equation for l(x) is l(x) = 0 we can omit this variable from the system. The equation involving b(x) is algebraic and can be used to simplify the other eight. To this second order system we can associate a first order one by introducing:
, we obtain the following system:
where K 16 is a suitable 16 × 16 operator. This can be written as K 16 = C+R(x), where C is a constant 16×16 matrix and R(x) contains the non constant part. For simplicity, let us consider the case where only dielectric susceptibility varies; then R(x) has the form:
where 0 4 is the 4 × 4 identity matrix, and
χ(x) I 4 , with I 4 the 4 × 4 identity matrix. Under the hypothesis:
which physically can match very well the nature of travelling perturbation of δχ (see e.g. the theory displayed in [38] ), we can infer that, both as x → ∞ and as x → −∞, the asymptotic behavior of solutions is governed by the eigenvalues of C, which implies that the basis for δχ = 0 is asymptotically a good scattering basis also for the perturbed problem.
To be more precise: the asymptotic region solutions are a scattering basis, and, moreover, solutions of the full equations asymptotically behave as the asymptotic region solutions, which then represent a good scattering basis. Furthermore, we are interested in (localized) wave-packets, whose support is finite. This is relevant as far as we are concerned with the problem of defining particle and antiparticle states, as we show in the following.
Scattering and amplification
There are two ways to ascertain if photon pair creation occurs in the model at hand. The first one is the longstanding method of Bogoliubov transformations: we consider a set of IN fields collectively indicated as Φ IN , which are constructed as complete solutions basis for the ingoing fields, and then Φ OUT as the corresponding basis for the OUT fields. Let us indicate with (·, ·) the scalar product for the theory at hand, and || · || is the inherited norm. Particle states p i are defined as positive norm states, whereas antiparticle states n i correspond to negative norm states, as usual. We collectively indicate with i the index for the solutions of the field equations which enter the fields Φ IN , Φ OUT . In particular, it is meant that Φ → Φ IN as t → −∞ and also Φ → Φ OUT as t → ∞. Then we get, as usual, that particle creation is signalled by the fact that the Bogoliubov coefficient |β ij
is different from zero. This quantity gives us a measure of the spontaneous particle creation process, i.e. pairs are created without any stimulating IN particle. As we said, this is a standard strategy to be applied by starting from a situation where no perturbation is present and then when a perturbation appears (so defining IN and OUT fields). An explicit construction for the analogue Hawking effect in dielectric media in a 2D model is found in [18, 19] . The second approach is grounded on "classical" scattering theory. Quotation marks are introduced because the adjective classical can be quite misleading: as quantum states are constructed with solutions of the fields equations, they are entitled to encompass also scattering states, which are often in the practice asymptotic solutions of the field equations. This means that, even by starting within a seemingly classical scattering framework where classical interpretation for the results is to be expected, one can be actually involved in a quantum process where also antiparticles appear (i.e. negative norm states, which in classical theory are not understood). Apart from this digression, we have that a scattering process involve a IN scattering state, and, after the interaction e.g. with the travelling perturbation has occurred, a number of OUT scattering states. As we have just noticed, the IN state belongs to the basis which enters Φ IN and the OUT one(s) to the basis which enters Φ OUT . In particular, we can say that particle creation occurs as far as in the OUT states negative norm states (i.e. antiparticles) appear. This kind of process pertains to the so-called stimulated creation of particle-antiparticle pairs, as the initial state plays the role of cause for particle amplification in the channel it belongs to. In the scattering picture, it is meant that IN particle is not influenced by the perturbation (so it can be correctly identified with an element or a superposition of elements of the IN basis as above). We can wonder if the two approaches sketched above are equivalent, and they are, indeed. There is a first general argument which sounds as follows: spontaneous and stimulated pair creations are equivalent, because the former can be intended as stimulated emission induced by vacuum virtual particle states, and the latter, again, can be interpreted as spontaneous emission in the case IN states are interpreted as virtual ones. For an example, see e.g. [39] . On the other hand, we can notice that the presence of IN states (non virtual particle states) enters the particle balance in such a way that, again, particle creation contribution still occurs as in the spontaneous case (as e.g. happens in the case of the stimulated Hawking emission). We mean to come back to this topic in a further publication [23] .
Conclusions
We have presented a model aimed to a semiphenomenological description of quantum electrodynamics in presence of a dielectric perturbation in a dielectric medium. The standard Hopfield model has been made fully covariant, and its quantization procedure has been discussed in detail. We stress that the requirement of covariance is fundamental in order to allow a proper interpretation of measurable quantities (e.g. quantum probabilities) as viewed by different (inertial) observers. E.g., in the discussion of the analogue Hawking effect in dielectrics, a very important conceptual tool consists in the analysis one performs in the comoving frame of the dielectric perturbation induced by the Kerr effect. This request for covariance reflects itself in a more tricky quantization procedure, which involves both the electromagnetic field, which represents a constrained system, as any gauge theory, and, as such, requires a special quantization procedure, and also the polarization field, due to a further constraint it carries into the lagrangian of the system. We have dealt the problem both in a non-covariant quantization scheme and in a covariant one. Finally, we have sketched how, in different physical situations, one can manage quantum amplitudes for different processes. Our direct developments of the present work include: 1) a perturbative approach [40] for the model, 2) an application of the 1) to the problem of photon pair creation by a helicoidal rotating dielectric perturbation [41] , 3) the nonperturbative study of the analogue Hawking effect [23] , together with the elaboration of a simplified model reproducing the basic features of the full Hopfield model discussed here. 4) The description, at the perturbative level, of cosmological analogue situations [42] .
